Math Interlude: Complex Numbers
and Waves

Complex Numbers

Complex numbers have real and imaginary parts:

z=a+bi where i=+/-1

example: z =4+ 3i

o Z=a+bi Re(z) =4
Im(z) =3




Complex Conjugate

Given a complex number z = a+ bi

The complex conjugate is defined as z* = a — bi

Im A ,
Z=a+bi
[zl

Problem: Find the complex conjugate of the
following:




Polar Form of Complex Number

Magnitude (modulus): |z 1> = 2%z = (a — bi)(a + bi)
1z|* = a? + b2

Angle from real axis =0: a =|[z|cosf z=|z|cosO+i|z|sind

b=|z|sinf
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b zZ=a+bi
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Set magnitude to unity: z = cos@+isinfd

Z=cos 6 +isin 68
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Complex Exponential and Euler’s Formula

e = cos@+isin0
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em/2 =i
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. eiir/2 =i
1%/3 l
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19 - e =—1
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el377.'/2 = —
ei37r/2 = —

Complex Exponential Notation

z=|z]e? =|z|cosO+i|z]|sinO
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Problem: Write the following complex number in polar form

z=1+\/§i

Problem: Write the following polar complex number in a+bi
form
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Complex Conjugate of a Complex Exponential

z=|z]e" z*=|z|e™?

= |z|cos@+i|z]|sinf = |z|cos@ —i|z]|sin@
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Usetful Identities

e = cos@+isin@
e = cos@—isin6
0 —i i —i
e+ e ) el —e
cosf = —— sin @ = .
2 20
0 -0 0 -0
e’ +e . e’ —e
cosh @ = sinh @ = 5

Addition of Complex Numbers

It is easiest to add complex numbers when they are in a+bi form.
They add like vectors.

Zy=a;+bji Im A

2 = ay+ byl Ut ‘Y

<] + H = (al + a2) + (bl + bz)l




Multiplication of Complex Numbers

What happens when we multiply two complex numbers?
Use FOIL to multiply the following:

Z1=3+1 212 Im A
(o]
= - 142
%)
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213y = <]
Re

Multiplication of Complex Numbers

What happens when we multiply two complex numbers?
Use FOIL to multiply the following:

z1=34+1i 42 Im 4
(o]

Z2:—1+2i

2120 = (1 + 2i)(2 + 3i)
=—5415i Re




Multiplication of Complex Numbers Using
Complex Exponents

Find the product z; =zz, where z; = |z|e and z, = |z, |e™

218 = ( |2 | eial) ( |25 | ei02>

= |Zl||22|€i‘91€i92

= |21 |z | e @+%

The result:
(1) moduli are multiplied: |z| =z |]2]
(2) angles are added: 0;=06,+0,

Multiplication of Complex Number z by ei®
rotates it in the complex plane by angle ¢
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Initial complex number: z = |z|e® / z=lz]e
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What is the effect of dividing two complex

numbers?
i0,
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Simple Harmonic Motion

Let the complex exponential ¢ depend on time with ¢ = wt

Z(t) — eia)t

Z(t) = cos wt + i sin wt
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Simple Harmonic Motion

counterclockwise
rotation

Im

ﬁ

N

N

/Re

Re[eia)t]

z(t)

= COS wt
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7(t) = cos wt + i sin wt

l2(0) > = 1

clockwise rotation

Z(t) — e—ia)t
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Re[e™ ] = cos wt

COS wt

y(t) = cos wt
y(#) = Relz(?)]

y(£)? = cos® wt
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Harmonic Traveling Wave

Real-valued function: #(x,7) = Acos(kx — wt) (rightward-moving)

Complex notation: w(x, 1) = Ae'—on
Rely(x,t)] = A cos(kx — wt)
Imly(x, )] = A sin(kx — wr)

ly(x,0)|* = A2

Standing Wave

Real-valued function: #(x, ) = A cos(kx + ¢,) cos(wt + ¢,)

where ¢; and ¢, are constant phase factors.

Complex notation: w(x, 1) = A cos(kx) e
Rely(x,1)] =
Imly(x,1)] =

ly(x,0) | =



Problem: Use complex exponentials to show
that a standing wave can be created by adding
two oppositely moving traveling waves.



